Abstract. For any simple Lie algebra, a positive integer, and tuple of compatible weights, the conformal blocks bundle is a globally generated vector bundle on the moduli space of pointed rational curves. We classify all S n -invariant vector bundles of conformal blocks for sl n which have rank one. We show that the cone generated by their base point free first Chern classes is polyhedral, generated by level one divisors.
Introduction
To any simple Lie algebra g, positive integer ℓ, and n-tuple λ, of dominant weights for g at level ℓ, there is a globally generated vector bundle V(g, λ, ℓ) of conformal blocks on the moduli space M 0,n , of stable n-pointed rational curves [TUY89, Fak12] . Their first Chern classes, the conformal blocks divisors D(g, λ, ℓ), are base point free, and therefore lie in the cone of nef divisors.
Understanding the nef divisors on a variety is central to understanding its birational geometry. Vector bundles of conformal blocks and their Chern classes have been studied, primarily with standard intersection-theoretic methods, using Fakhruddin's formulas for the Chern classes and their intersections with F-curves [AGSS11, Fed11, Swi11, BG12, Fak12, GG12, Fed13, Gia13, GJMS13, AGS14]. Examples of conformal blocks divisors can be computed using Swinarski's implementation of these formulas into Macaulay2 software, [Swi10] . While recursive, and dependent on the computation of ranks of the bundles, computations are limited to divisors of relatively low level on M 0,n for low n. Many open questions about the divisors persist.
In this paper we study the subcone of the nef cone generated by an infinite set of divisors S, consisting of the first Chern classes of conformal blocks vector bundles of rank 1 for sl n with S n -invariant weights. This is a generalization of [AGSS11] , where the authors studied a set of ⌊n/2⌋ S n -invariant sl n divisors of level one, which are all first Chern classes of rank one bundles. In that paper, it was shown that each level one divisor spanned an extremal ray of the S n -invariant nef cone of M 0,n . While our family consists of infinitely many divisors, we prove that they all are contained in the cone generated by the original divisors studied in [AGSS11] .
This work can be seen as an illustration for how to study nontrivial families of conformal block divisors on M 0,n using Schubert calculus and tools from [BGM13] .
For the finite dimensional simple Lie algebra sl n , the dominant integral weights λ are parameterized by Young diagrams λ = (λ
As is standard, we denote the fundamental dominant weights of the form λ = (1, . . . , 1, 0, . . . , 0) with |λ| = i by ω i .
Our main theorem provides a complete description of S n -invariant rank 1 vector bundles for sl n on M 0,n .
For any fixed n > 3 we define S to be the set of of all Chern classes of rank 1 vector bundles, as classified by the Theorem 1.1:
There are tools for studying rank one bundles (see Section 2), which we use to give the following simple description as positive linear combinations of level one divisors. Proposition 1.2. For any D ∈ S we have the following decomposition:
It therefore follows that the cone generated by this infinite set of divisors S is in fact polyhedral: Corollary 1.3. The cone of divisors generated by S is the convex hull of the ⌊ n 2 ⌋−1 extremal rays of the S n -invariant nef cone spanned by divisors D(sl n , ω n i , 1), where 2 ≤ i ≤ ⌊ n 2
⌋.
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Tools for computing ranks of conformal blocks bundles
We refer the reader to [BGM13] for background information on conformal blocks vector bundles and divisors. To compute the ranks of the vector bundles of conformal blocks, we use a special case of "Witten's Dictionary", which is covered in Section 2.1. The classical and quantum versions of the Pieri and Giambelli formulas are as often useful for applying Witten's dictionary, and we state those in Section 2.2.
Cohomological version of Witten's Dictionary. Recall that the (small) quantum cohomology ring QH
, with elements σ λ = σ λ ⊗ 1, where σ λ ∈ H * (Gr(n, E); Z) the cohomology class corresponding to the Schubert variety Ω λ (F • ), where F • is a full flag and λ a partion (see for example [Ber97] for the definitions).
To compute the rank of our particular S n -invariant conformal blocks bundles V(sl n , λ n , ℓ), for sl n , one proceeds as follows. For |λ| = k, write k = ℓ + s. There are two cases:
(1) If s ≤ 0, then rk V(sl n , λ, ℓ) is equal to the coefficient of the class of a point σ kωn in the product Classical Pieri formula. If the Young diagram associated to λ is contained in a n × ℓ grid, and i ≤ n, then the product of Schubert classes in the cohomology ring H * Gr(n, ℓ + n) is given by
where the sum is over all partitions π obtained by adding i boxes to λ, no two in the same column.
Quantum Pieri formula. [Ber97] If the Young diagram associated to λ is contained in a n × ℓ grid, and p ≤ ℓ, then the product of Schubert classes in the quantum cohomology ring QH * Gr(n, ℓ + n) is given by
where the first sum is over all partitions µ obtained by adding p boxes to λ, no two in the same column, and the second sum is over all partitions ν obtained by removing n + ℓ − p boxes from λ, at least one from each column.
Quantum Giambelli.
[Ber97] Set σ 0 = 1, σ i = 0 for i < 0 and for i > ℓ. If λ is a partition contained in an n×ℓ rectangle, then the Schubert class σ λ ∈ QH * Gr(n, n+ ℓ) is given by
Rank one bundles
In this section we prove the first part of Theorem 1.1, which states that the bundles V(sl n , (λ) n , ℓ) have rank one if λ ∈ Λ. We will need the following Lemma.
Proof. Using Giambelli formula, we can write λ = σ i ℓ µ since We compute rk V(sl n , λ n , ℓ) using Witten's dictionary. Write n|λ| = nℓ + ns, so that s = |λ| − ℓ, and then rk V(sl n , λ n , ℓ) is equal to a coefficient of q
Write |λ| = iℓ + |µ|, then s = (i − 1)ℓ + |µ|, so that σ which is equal to rk V(sl n , µ n , ℓ) by Witten's dictionary.
Proposition 3.2. V(sl n , ((ℓ − m)ω i + mω i+1 ) n , ℓ) are rank one bundles.
Proof. By Proposition 3.1, we have rk
Since n · |mω 1 | = nm ≤ nℓ, by Witten's dictionary, rk V(sl n , (mω 1 ) n , ℓ) is equal to the multiplicity of class of the point σ (m,...,m) in the product σ n m ∈ H * Gr(n, n + m). Since σ n m = σ (m,...,m) by Pieri rule, we have rk V(sl n , (mω 1 ) n , ℓ) = 1, and we conclude that the rank rk V(sl n , ((ℓ − m)ω i + mω i+1 ) n , ℓ) is equal to 1.
Higher rank bundles
Recall from the Introduction that Λ is the set of weights {(ℓ − m)ω i + mω i+1 : 0 ≤ m ≤ ℓ, 0 ≤ i ≤ n − 1}. In Proposition 4.3, we will show that rk V(sl n , µ n , ℓ) > 1, for µ ∈ Λ. Combined with Proposition 3.2, this completes the proof of Theorem 1.1. We begin with some special cases, and the main proof will reduce to the special cases.
Lemma 4.1. We have rk V(sl n , (ω i ) n , 2) > 1 for 1 < i < n − 1 and n ≥ 4.
, without loss of generality we may assume that i ≤ ⌊n/2⌋.
Suppose that i = 2. By Witten's dictionary, we have to find the coefficient of σ (2,...,2) in the classical product σ n ω 2 . Note that σ 2 ω 2 = σ ω 4 + σ ω 3 +ω 1 + σ 2ω 2 . For each of these terms we have σ
..,2) , and σ n−2 ω 2 · σ 2ω 2 = a 3 σ (2,...,2) , where each of the constants a 1 , a 2 , and a 3 are at least 1. Thus rk V(sl n , (ω 2 ) n , 2) ≥ 3. Now assume that i > 2. Since ni = 2n + (i − 2)n, by Witten's dictionary, we need to compute the coefficient of qσ (2,...,2) in the quantum product σ = σ (2,...,2) + other terms, we conclude that rk V(sl n , (ω i ) n , 2) ≥ c i−2 , and in particular, we have rk V(sl n , (ω i ) n , 2) > 1.
Proof. By Proposition 3.2, we have rk V(sl n , (aω i + (b − 1)ω i+1 ) n , a + b − 1) = 1. Therefore by [BGM13, Prop. 17 .1], the map
is a surjection, and the rank rk V(sl n , (aω i + bω i+1 ) n , a + b + 1) is greater than or equal to the rank rk V(sl n , (ω i+1 ) n , 2). By Lemma 4.1, we know that rk V(sl n , (ω i+1 ) n , 2) > 1. , 2) ≥ 3.
In this section we identify all D ∈ S as effective sums of level one divisors, and from this conclude that the cone S is finitely generated.
Proof of Proposition 1.2. By Proposition 3.2, we have rk V(sl n , (ℓ − m)ω i + mω i+1 , ℓ) = 1. Moreover, since we know that the level one bundles V(sl n , ω We checked the full dimensionality of S for all n ≤ 2000, and sporadically for some larger n, and we believe that the statement of Remark 5.1 is true for all n.
So at least up to n = 2000, the cone generated by S is full dimensional as it contains all the full dimensional cones generated by the F n ℓ,m . By Proposition 1.2, each divisor D ∈ S is a linear combination of D(sl n , ω n i , 1), which for 2 ≤ i ≤ ⌊n/2⌋, by [AGSS11] define extremal rays of the S n -invariant nef cone Nef(M 0,n ) Sn . So the cone generated by S is equal to the cone spanned by these rays.
